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Abstract 
We present some new ideas on important problems related to primes. The 
topics of our discussion are: simple formulae for primes, twin primes, 
Sophie Germain primes, prime tuples less than or equal to a predefined 
number, and their infinitude; establishment of a kind of similarity 
between natural numbers and numbers that appear in an arithmetic 
progression, similar formulae for primes and the so called generalized 
twin primes in an arithmetic progression and their infinitude; 
generalization of Bertrand postulate and a Bertrand like postulate for twin 
primes; some elementary implications of a simple primality test, the use 
of Chinese remainder theorem in a possible proof of the Goldbach 
conjecture; Schinzel Sierpinski conjecture; and the Mersenne primes and 
composites, Fermat primes and their infinitude. Lastly we define other 
twin primes and provide a simple argument in support of their infinitude.   
 
1. Introduction: One of the most remarkable theorems in number theory 
having a remarkably simple proof is due to Euclid [1] 
 
Theorem 1.1 (Euclid): There are infinitely many primes. 
 
Proof: There are infinitely many primes because odd multiples of finitely 
many odd primes do not cover all odd numbers. Every odd is of type 
12 −n , Zn∈ , the set of positive integers. If there are finitely many 
primes { kppp ,,),2( 21 L= } then all odd numbers would be covered in 
the numbers of type { Znkinpi ∈≤≤− ,2),12( } which is not true, 
since successive odd numbers  are separated from each other by 
separation equal to 2 while these numbers are separated from one another 
by minimum separation equal to ip2 , i > 1, and if we add in the list of 
primes the uncovered numbers that are newly found and which have no 
smaller factors other than 1 or themselves then the same story repeats, i.e. 
we get each time new uncovered numbers, for example (as stated by 
Euclid) if one assumes that there are only finitely many primes say 
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kppp ,,, 21 L  then the number ∏= +
k
i
ip
1
1is either an uncovered number 
itself or it is a product of uncovered numbers other than kppp ,,, 21 L , 
since it does not belong to the set { Znkinpi ∈≤≤− ,2),12( }, hence 
etc.         
                               
                              The problems related to primes which have received a 
wider attention in mathematical as well as nonmathematical circles are 
respectively twin prime conjecture and Goldbach conjecture. These 
two problems top the list of unsolved problems in number theory. In this 
paper we deal with these problems.  
                               
2. Formulae for primes and twin primes ≤  x : The number of primes 
and twin primes less than or equal to x, )(xπ  and )(xT  respectively, can 
be expressed in terms of the following formulae: The following lemma 
2.1 is a standard well-known result which directly follows from the sieve 
of Eratosthenes using the inclusion-exclusion principle [2].   
 
Lemma 2.1: Let S = { kppp ,,, 21 L } be set of first k primes and 
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where [q] represents the integral part of q.   
 
If now we replace the square brackets around the numbers representing 
the integral part by ordinary round brackets and treat the numbers 
enclosed as real numbers and collect the terms (ignoring the last term) we 
get the following function: 
)(xψ = ∏
≤
−
xp jj p
x )11(  
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It can be seen that as x ∞→  )(xψ , )(xπ change in such a way that 
they keep approaching each other, so that we can grant  
 
)()( xx πψ ≈                                                                         → (2.1)  
 
An alternative way to see the same thing is the following: 
Theorem 2.1: )(~)( xx πψ  in the asymptotic limit.                       
Proof: By prime number theorem )(xπ ~
)log(x
x
. It is well-known that  
as ∞→n , )577.0()log(1 L=→

 −

∑ γn
n
, →  Euler’s constant. 
 i.e. ∑ )log(~1 n
n
. Now, ∑ ∏
−
=
p
p
n )11(
11
, →  Euler’s formula. 
So, using the smallness of end correction and prime number theorem, we 
have  
 
)(xψ = ∏
≤
−
xp jj p
x )11( ~ )(xπ . 
 
The next lemma 2.2 can also be easily obtained, again, using inclusion-
exclusion principle as described below:  
 
Lemma 2.2: Let S = { kppp ,,, 21 L } be set of first k primes and 
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where }2,0{, ∈imm  for all i and where [q] represents the integral part 
of q. Also, note that 



)(mp
x
j
 counts the numbers x≤  which are 
congruent to )mod( jpm  and 



)( ij mp
x
 counts the numbers x≤  
which are congruent to )mod( ji pm . 
 
Proof: Twin primes-pairs  x≤  are those primes-pairs ),2( pp −  for 
which xp ≤  is prime such that )2( −p  is also a prime. Thus, 
),2( pp −  forms a twin-prime pair if and only if  
(a) p is not congruent to )mod(0 ip , and (also, simultaneously) 
(b) p is not congruent to )mod(2 ip . 
where Spi ∈ . In other words, the pair ),2( pp −  will form a twin-
prime pair when )mod( ii pp α≡ , and 2,0≠iα for all ki ,,2,1 L= . 
Thus, in order to count the twin-prime pairs we need to count those 
primes p  which satisfy both the conditions (a) and (b). We proceed with 
this counting in a similar way as is done to find )(xπ  in terms of the well 
known formula stated in the lemma 2.1 and obtain the above given 
formula for )(xT .  
                              In counting something using inclusion-exclusion 
principle the term which is subtracted first (first term in A  and B ) 
eliminates the undesired terms and the other terms are to bring about the 
corrections caused by under/over counting.  
                              In the formula stated in equation (1), A  takes into 
account the terms that do involve the first prime )2(1 =p  in S, and B  
takes into account the terms that do not involve this first prime. Since 2 = 
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0 in GF (2) (Galois field modulo 2) we have split the formula in terms of 
A  and B  for the sake of clarity and convenience. 
(1) The first term in A  eliminates numbers x≤  that are congruent to 
))2(mod(0 1 =p while the first term in B  eliminates numbers 
x≤  that are congruent to )mod(0 jp  or )mod(2 jp , kj ≤≤2 . 
(2) The numbers which are simultaneously congruent to 
))2(mod(0 1 =p (first term in A) and also congruent to 
)mod(0 jp  or )mod(2 jp , kj ≤≤2 get subtracted twice. So, 
in order to bring about the correction, we have taken the second 
term with plus sign in A . Similarly, the numbers which are 
simultaneously congruent to )mod(0 jp  or )mod(2 jp , and 
)mod(0 lp  or )mod(2 lp , klj ≤<≤2  get subtracted twice. 
So, in order to bring about the correction, we have taken the 
second term with plus sign in B . 
(3) Continuing on similar lines with usual considerations of inclusion-
exclusion principle one can easily see why there are other terms in 
A  and B  with respective specific signs. Also, note that Twin 
primes-pairs  x≤  are not counted, in fact they get omitted 
during formation of A and B, so we add them separately. Hence, 
the lemma.  
 
Example 2.1: T(20) = 20 + (−10+3+3) + (−6−6) = 4. Note that the twin-
prime pairs  ≤  20 are {(3, 5), (5, 7), (11, 13), (17, 19)}. 
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x
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
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. So with this we can write the above 
formula for twin primes in a simplistic form as follows: 
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where [q] represents the integral part of q. 
 
 6
Consider the following function )(xω obtained from )(xT by replacing 
the square brackets representing integer part of the number inside by 
ordinary brackets and ignoring the last term, thus: 
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It can be seen that as x ∞→ , )(),( xTxω change in such a way that 
they keep approaching each other, so that we can grant   
 
)()( xTx ≈ω                                                                        →  (2.2)    
 
3. Probability Theory Arguments for Primes and Twin Primes: We 
now proceed to discuss probability theory arguments that justify 
approximate equalities (2.1) and (2. 2).  
 
Theorem 3.1: The number of primes x≤ , )(xπ , are approximately 
equal to )(xψ = ∏
≤
−
xp jj p
x )11( . 
Proof: A number x≤α  is prime if and only if )mod( ii pβα ≡  and 
0≠iβ for all primes xpi ≤ . For a fixed jp  the remainder jβ  can 
take one of the values { 1,,1,0 −jpL }. Therefore, for an x≤α  chosen 
at random, the probability that 0≠jβ  will be 


 −
j
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p 1
. Clearly, for an 
x≤α  chosen at random, the probability that 0≠iβ  for all 
ki L,2,1= such that 2 )1(2 +<≤ kk pxp  and kppp ,,, 21 L  are all 
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Theorem 3.2: The number of twin primes x≤ , )(xT , are 
approximately equal to )(xω = ∏
≤<
−
xp jj p
x
2
)21(
2
1
. 
Proof: A pair of numbers ( αα ,2− ) forms a twin prime pair if both 
these numbers are prime. This can be equivalently stated as follows: a 
pair of numbers ( αα ,2− ) forms a twin prime pair if  )mod( ii pβα ≡  
and 2,0≠iβ for all primes xpi ≤ . For if some 0=iβ  then α  will 
not be prime while if some 2=iβ  then 2−α  will not be prime. In the 
case when 1=i , i.e. )2(1 == ppi  then iβ  can take only two values, 0 
and 1, and in this case for an x≤α  chosen at random, the probability 
that 01 ≠β  will be 2
11
1
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chosen at random, the probability that 2,0≠jβ  will be 
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Clearly, for an x≤α  chosen at random, the probability that 2,0≠iβ  
for all ki L,2,1= such that 2 )1(2 +<≤ kk pxp  and kppp ,,, 21 L  are all 
primes x≤  will be ∏∏
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number of twin prime pairs less than or equal to x  will be  
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Remark 3.1: Theorems 3.1, 3.2 justify equalities (2.1), (2.2) respectively. 
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4. Twin Primes: If we show that ∞→)(xω  as ∞→x  then it follows 
from the observation )()( xTx ≈ω that twin primes are infinite. We now 
proceed to accomplish this task by using methods of analytic number 
theory [3].  
 
Theorem 4.1: Twin primes are infinite. 
Proof: Let )21()(
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Taking logs we have 
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In order to estimate this sum we consider the following power series: 
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The above inequality shows that the infinite series  ∑= )( pM φ  
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Now, one can easily see that  
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where, )2exp( AMC −−=  
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Now, using the observation )()( xTx ≈ω we have ≈)(xT ( )2)log(
2
x
Cx
, 
therefore, twin primes are infinite!          
 
Remark 4.1: Let S = { kppp ,,, 21 L } be set of first k primes and 
2
)1(
2
+<≤ kk pxp . The Sophie Germain-prime pairs x≤  are those 
primes-pairs )12,( +pp  for which xp ≤  is prime such that )12( +p  is 
also a prime. Thus, )12,( +pp  forms a Sophie Germain-prime pair if 
and only if   
(a) p is not congruent to )mod(0 ip , and (also, simultaneously) 
(b) p is not congruent to )mod( ipβ  such that ))(mod(012 ip=+β . 
where Spi ∈ . 
It is important to note that modulo a prime Spi ∈  under consideration 
there exists a unique remainder β  apart from the remainder 0 which is 
disallowed to achieve primality of the pair )12,( +pp . So, here also, we 
can proceed on similar lines and can develop similar theorems for the 
Sophie Germain primes like the theorems that are developed above for 
twin primes .  
 
                              We now define and study a special kind of Dirichlet 
Function, )(sTξ .  
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We now record some simple observations: 
 
Lemma 4.1:  ∑∞
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Proof: Since ∑∞
=1
1~)log(
n n
n   < )1(Tξ  and )log(n is divergent as 
∞→n .   
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Lemma 4.2:  )(2)( nn φψ =  is totally multiplicative. 
 
Proof: Clear. Since if mnk = then )()()( nmk ψψψ = .  
Lemma 4.3:  )1(Tξ  =  )1()21( −∏ −
p p
, where the product is taken over 
all primes p .  
Proof: When p is prime its prime factorization is 1p  and so 
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Lemma 4.4:  The Euler product for )(sTξ  is 
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Lemma 4.5:  )1(
2
)( *T
xxT ξ= , where )1(*Tξ  denotes the Euler product 
for )1(Tξ  taken over all primes up to x .   
 
Proof: Clear from theorem 3.2.           
 
Let 10 << σ . 
Lemma 4.6: ∑ +=+ +
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Proof: For 10 << x , 
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Lemma 4.7: )1()1log()1(log OT +=+ σσξ  
 
Proof: From 10 << σ ,  
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)1()1log()1(log OT +=+ σσξ .  
 
The connection between )(xT  and )1(*Tξ  can now be utilized to establish 
the infinitude of twin-prime numbers. Equating the right hand sides of in 
the lemmas 6 and 7, we have  
∑ += +
p
O
p
)1(2)1log( )1( σσ . 
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Now, if we assume that twin primes are finite then as 0→σ  the right 
hand side of the above equation will remain bounded but the left hand 
side goes to infinity which is absurd. Hence, twin primes must be infinite. 
 
5. Prime k─Tuples Conjecture: A (k─1)─tuple ( )1(21 ,,, −kbbb L ) is 
called admissible when  
(a) )1(21 −<<< kbbb L , and  
(b) for every prime kq ≤  the residue classes 
}mod,,mod,mod0{ )1(1 qbqbq k −L is properly contained in the set of 
all residue classes modulo q ,(see page 200 of the extremely good book, 
[5]). Among the admissible ( 1−k )─tuples those with minimal )1( −kb  are 
said to be tight. Thus for 4≤k  the tight admissible ( 1−k )─tuples are 
(2), (2, 6), (4, 6), (2, 6, 8).  
                              While deriving a formula for twin primes we had 
noticed and used the fact that a pair of numbers ( 2, +nn ) forms a twin 
prime pair if and only if )mod(2 ii pn α≡+ , li L,2,1=  and 
2
)1(
2
+<< ll pnp  such that 2,0≠iα . Similarly, if 2≥k  and 
( )1(21 ,,, −kbbb L ) is an admissible ( 1−k )─tuple of positive integers, 
then numbers )1(21 ,,,, −+++ kbpbpbpp L  are simultaneously prime 
if and only if )mod( iik pbp α≡+ , li L,2,1=  and 
2
)1(
2 )( +<+< lkl pbpp  such that )1(21 ,,,,0 −≠ ki bbb Lα ( )mod( ip ). 
                               
                              We now describe the so called appropriate values of 
remainders and forbidden values of remainders. The appropriate values 
of remainders are those which when occur do not cause discarding of the 
tuple under consideration for its nonprimality. The forbidden values of 
remainders are those which when occur force us to discard the tuple in 
the counting for its nonprimality. Let u be the cardinality of the set of 
forbidden values of remainders. When the cardinality of the set of 
remainders, (= jp ), corresponding to a prime jp  is smaller than the 
cardinality of the set of admissible values then the appropriate values of 
remainders ( )mod( jp ) are not k  in number but are less. As an example 
consider the set of admissible values mentioned hereinbefore, namely, (2, 
6, 8). The smallest set of primes corresponding to this set is {11, 13, 17, 
19}. For this set of admissible values the forbidden values of remainders 
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are {0, 2, 6, 8}. Now when jp = 2, the set of forbidden values of 
remainders ( )2mod( =jp ) is {0}, so, from the set of remainders {0, 1} 
( )2mod( =jp ) the value {0} is forbidden (and so u =1). Note that the 
set of the appropriate values of remainders ( )2mod( =jp ) is {1}. When 
jp = 3, the set of forbidden values of remainders ( )3mod( =jp ) is {0, 
2}, so, from the remainder set of remainders {0, 1, 2} the values {0, 2} 
are forbidden so u = 2. Note that the set appropriate values of remainders 
( )3mod( =jp ) is {1}. When jp = 5, the set of values of forbidden 
values of remainders ( )5mod( =jp ) is {0, 1, 2, 3}, so, from the set of 
remainders {0, 1, 2, 3, 4} the values {0, 1, 2, 3} are forbidden and so 
u = 4. In this case, the set appropriate values of remainders 
( )5mod( =jp ) is {4}. When jp = 7, the set of forbidden values of 
remainders ( )7mod( =jp ) is {0, 1, 2, 6}, so, from the set of remainders 
{0, 1, 2, 3, 4, 5, 6} the values {0, 1, 2, 6} are forbidden and so u = 4. 
Note that the set appropriate values of remainders ( )7mod( =jp ) is {3, 
4, 5} for this case. It is important to note for this example that when jp = 
7 or higher, proceeding on similar lines, we can see that u = 4 = k .   
 
Lemma 5.1: Let S = { lppp ,,, 21 L } be set of first l primes and 
2
)1(
2
+<≤ ll pxp , and let then the number of prime  2≥k  and 
( )1(21 ,,, −kbbb L ) is an admissible ( 1−k )─tuple of positive integers, 
then the number of (k )─tuples of primes  
( )1(21 ,,,, −+++ kbpbpbpp L ) x≤ , )(xTk , can be given by the 
following formula: 
  
)(xTk  = x  L−






+


− ∑ ∑ ∑∑
= <
l
j
l
kj m jkijm ij ii mpmp
x
mp
x
1 )()()(
 
∑ 





−+
im ll
l
mpmpmp
x
)()()(
)1(
2211 L
+ )( xTk . 
where ∈im { )1(21 ,,,,0 −kbbb L } for all i (to be precise,  ∈im  the set of 
forbidden values of remainders) and where [q] represents the integral part 
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of q. Also, 



)( ij mp
x
 counts the numbers x≤  which are congruent to 
)mod( ji pm . Note that prime k-tuples  x≤  are counted in  )( xTk .  
 
Proof: Proceeding on similar lines as is done for lemma 2.1 one can 
easily obtain the result.   
 
For large x , 



)( ij mp
x
 ≈  



)( kj mp
x
. So with this we can write the 
above formula for the count of prime k -tuples in a simplistic form as 
follows: 
 
...)( 32 +


−


+

−= ∑∑∑
<<<≤ kji kjiji jixp i
k ppp
xu
pp
xu
p
xuxxT
i
 
   
              

−+
l
ll
ppp
xu
...
)1(...
21
 + )( xTk . 
 
where [q] represents the integral part of q, and  
(i) ku =  when )1( −> ki bp . 
(ii) =u  the cardinality of the set of forbidden values of remainders 
corresponding to the )1( −≤ ki bp  under consideration. 
Now, consider the following function )(xkω obtained from )(xTk by 
replacing the square brackets representing integer part of the number 
inside by ordinary brackets, thus: 
 
=)(xkω  ∑∑∑ <<<≤ +


−


+


−
kji kjiji jixp i ppp
xu
pp
xu
p
xux
i
...32  
 
               


−+
l
ll
ppp
xu
...
)1(...
21
 + )( xTk , which can be further 
written as  
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∏
≤
−=
xp i
k
i p
ux )1()(ω                                                    → (5.1)    
 
where [q] represents the integral part of q, and  
(i) ku =  when )1( −> ki bp . 
(ii) =u  the cardinality of the set of forbidden values of remainders 
corresponding to the )1( −≤ ki bp  under consideration. 
It can be seen that as x ∞→ , )(),( xTx kkω change in such a way that 
they keep approaching each other, so that we can grant   
 
)()( xTx kk ≈ω                                                                  →  (5.2)  
 
As is done in section 3, theorem 3.2, for the case of twin primes, one can 
proceed exactly on similar lines with developing probability theory 
arguments to count the prime k-tuples x≤  that will lead to a formula 
justify approximate equality (5.2), namely, The number of prime k-
tuples x≤  are approximately equal to )(xkω and where 
∏
≤
−=
xp i
k
i p
ux )1()(ω                                                       
 
where [q] represents the integral part of q, and  
(i) ku =  when )1( −> ki bp . 
(ii) =u  the cardinality of the set of forbidden values of remainders 
corresponding to the )1( −≤ ki bp  under consideration. 
 
Theorem 5.1(Prime k-Tuples Conjecture, (page 201, [5]): If 2≥k  
and ( )1(21 ,,, −kbbb L ) is an admissible ( 1−k )─tuple of positive 
integers, there exist infinitely many primes p  such that 
)1(21 ,,,, −+++ kbpbpbpp L  are simultaneously prime. 
 
Proof: As is done in section 4, if we show that ∞→)(xkω  as ∞→x  
then it follows from the observation )()( xTx kk ≈ω that the above 
mentioned prime k-tuples in the statement of the theorem are infinite. We 
can proceed to accomplish this task by using methods of analytic number 
theory [3], on similar lines as is done in section 4 in the case of twin 
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primes, by starting this time with equation (5.1), and show assuming the 
(justified) validity (by probability theory arguments) of equation (5.2) 
that 
 
≈)(xTk ( )kx
x
)log(
.Ω
, where Ω  is a constant. Hence etc.         
 
Remark 5.1: The Hardy-Littlewood conjecture states that if 
)(xπ denotes the number of primes x≤  then )()()( yxyx πππ +≤+ , 
2, ≥yx . Consider the number line: 
 
                                                    …… 
                 0     x     y  ( yx + ) 
 
Clearly, ))(()()( yxxxyx +↔+=+ πππ        ….(1) 
where  ))(( yxx +↔π  represents the count of primes between the 
interval ( )(, yxx + ]. Thus, the conjecture reduces to showing that for 
any fixed y , we have )())(( yyxx ππ ≤+↔ . Thus, the conjecture 
states that if we choose any finite interval, ( y,0 ), starting with zero on 
the number line and shift it anywhere, say ( yxx +, ), on the number line 
and count the primes contained in the shifted interval then they are 
always less than or equal to the primes in the initial interval. This 
conjecture looks quite reasonable but the beautiful theorem of Hensley 
and Richards forbids its validity when the prime k-tuples conjecture is 
true (see page 202 of the very remarkable book, [5]). 
 
6. Generalized Bertrand Postulate: Bertrand postulate assures the 
existence of a prime between n and 2n when n≥1. We now proceed to 
state a generalization: 
 
Theorem 6.1 (Generalized Bertrand Postulate): For every α ∈ (1, 2], 
i.e. 1< α ≤  2, there exists a positive integer 0n  such that for all 0nn ≥  
there exists a prime p between n and α n, i.e. ][ npn α≤< , where [q] 
represents the integral part of q.   
Proof: By the prime number theorem, 
)log(
~)(
x
xxπ  
Now, by proceeding as is done in [4] it can be seen that 
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


 −


 −+

−


)(log
)log(
)log(
~
)log())log()(log(
~
)log()log(
2 x
x
x
x
x
x
x
x
x
x
x
x
αα
α
α
α
α
  
 
as ∞→x . Thus, the primes in the interval between x and xα are of the 
same order as those below x, hence etc. 
  
Problem 6.1: Discover some nontrivial implications of this 
generalization. 
With the estimation of the of twin primes,  ≈)(xT ( )2)log(
2
x
Cx
 we can 
have a similar result like Bertrand Postulate for twin primes as well as 
follows: 
 
Theorem 6.2 (Bertrand Postulate for Twin Primes): If x  is a real 
number, and x ≥  7, then there exists at least one twin-prime pair between 
( x , 2 x ). 
 
Proof: Considering )()2( xTxT − , where ≈)(xT ( )2)log(
2
x
Cx
, and using 
the similar considerations used to settle usual Bertrand postulate [4], one 
can easily get the result.  
 
Theorem 6.3 (Generalized Bertrand Postulate for Twin Primes): For 
every α ∈ (1, 2], i.e. 1< α ≤  2, there exists a positive integer 0n  such 
that for all 0nn ≥  there exists a twin prime pair (p, p+2) between n and α n, i.e. ][ npn α≤< , where [q] represents the integral part of q. 
 
Proof: Follows using [4] by proceeding on similar lines as in theorem 4.1 
and using ≈)(xT ( )2)log(
2
x
Cx
. 
 
7. Remainders )mod( p of numbers in Arithmetic Progression: Note 
that )mod( pkmpk ≡+  for 0 )1( −≤≤ pk and for all m  = {0, 1, 2, 
…}. Thus, remainders )mod( p of integers in the set of all integers, Z, 
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form a periodic sequence ( LLL ,1,0),1(,1,0),1(,,1,0 −− pp ). Let 
(a ,b ) = 1 i.e. a , b  are co prime, and let {a +kb / k = 0, 1, 2, …, t, …} 
be the set of numbers in the arithmetic progression. It is clear to see the 
interesting fact that remainders )mod( p of the numbers in the arithmetic 
progression form a periodic sequence with period p made up of some 
permutation of numbers { )1(,,1,0 −pL } when b ≠ mp  for some 
integer m . Thus, let )mod()( pkba kα≡+ , 
k = 0, 1, 2, …, t, ...then it is easy to check that the sequence of remainders 
)mod( p of the numbers in this arithmetic progression for some fixed 
prime p is either 
(a) ( LL ,,,,,, 10)1(10 ααααα −p ) i.e. a periodic sequence of some 
permutation of numbers { 1,,1,0 −pL } i.e. it repeats after every p  
numbers, or 
(b) ( LL ,,,,,, 10)1(10 ααααα −p ) = ( LL ,,,,,, βββββ ) where 
β is constant (≠ 0), b  = mp for some integer m , and )mod( pa β≡ . 
 
8. Probability Theory Arguments for Primes and Twin Primes in an 
Arithmetic Progression: As seen above, as far as the remainders modulo 
primes are concerned the numbers in any arithmetic progression are same 
as natural numbers and either the remainders only get permuted or they 
are a nonzero constant modulo a prime. The only essential change is the 
reduction of quantity of numbers. Thus, up to x  there are less numbers in 
the arithmetic progression. For example in {a +kb / k = 0, 1, 2, …, t, …}, 
(a ,b ) = 1, there are approximately 

 −
b
ax
 numbers up to x . So, with 
similar proofs given for theorem 3.1, theorem 3.2 we will have the 
following: 
  
Theorem 8.1: Let S denote the set of numbers in an arithmetic 
progression, S = {a +kb / k = 0, 1, 2, …, t, …}, and (a ,b ) = 1. The 
number of primes x≤  in S is approximately equal to  
)(xφ = ∏
≤
−

 −
xp jj pb
ax )11( . 
 
Theorem 8.2: Let S denote the set of numbers in an arithmetic 
progression, S = {a +kb / k = 0, 1, 2, …, t, …}, and (a ,b ) = 1. The 
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number of generalized twin prime pairs, of type 
( ))1((),( bkakba +++ ) when all numbers in the arithmetic 
progression or odd, and of type ( ))2((),( bkakba +++ ) when 
numbers in the arithmetic progression or successively odd and even, x≤  
in S is approximately equal to 
 
)(xθ = ∏
≤<
−

 −
xp jj pb
ax
2
)21(
2
1
 
 
By proceeding on similar lines as is done for theorem 2.1, and theorem 
4.1 we can have the following theorems: 
 
Theorem 8.3: Let S denote the set of numbers in an arithmetic 
progression, S = {a +kb / k = 0, 1, 2, …, t, …}, and (a ,b ) = 1. The 
number of primes x≤  in S, say )(xbπ , is approximately equal to  
 



−
−≈
)/)log((
)/)(()(
bax
baxxbπ  
 
Theorem 8.4: Let S denote the set of numbers in an arithmetic 
progression, S = {a +kb / k = 0, 1, 2, …, t, …}, and (a ,b ) = 1. The 
number of generalized twin prime pairs, of type 
( ))1((),( bkakba +++ ) when all numbers in the arithmetic 
progression or odd and of type ( ))2((),( bkakba +++ ) when 
numbers in the arithmetic progression or successively odd and even, x≤  
in S is approximately equal to 
 
( ) 



−
−≈ 2)/)log((
)/)((2)(
bax
baxCxTb , 
 
where C  is the constant similar to one obtained in the theorem 3.1. 
                               
Definition 8.1: If p  does not divide a  and the smallest k  satisfying 
)mod(1 pak ≡  is ( 1−p ) then a  is called the primitive root )mod( p . 
 
We take an opportunity to state the following conjecture at this juncture:  
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Conjecture 8.1: For every integer Q other than 1, −1, and or perfect 
square there exist infinitely many primes p for which Q is primitive root 
modulo p in every arithmetic progression a +kb / k = 0, 1, 2, …, t, … 
such that ( ba, ) = 1, and  



−
−≈
bax
baxQAxN Qb /)log((
/)()()( , 
where )(xN Qb  denote the number of such primes less than or equal to 
x for which Q is primitive root modulo p , and )(QA  is certain constant 
depending on Q .  
 
9. Goldbach Conjecture: It asserts that every even integer greater than 2 
is the sum of two primes. Stated in a letter to Leonard Euler by Christian 
Goldbach in 1842, this is still an enduring unsolved problem. There are 
many other conjectures about prime sums given in [6]. 
                              We begin our discussion with some elementary 
observations. If a number m is not prime and pqm = then clearly either 
mp ≤   or mq ≤ . Further, if mp ≤  say, and suppose p is not 
prime then by fundamental theorem of arithmetic p can be factored 
uniquely as the product of prime powers with obviously all the primes in 
that unique factorization strictly less than p. Thus, we have the following 
well-known   
 
Theorem 9.1: A number m is prime if and only if it is not divisible by 
any prime number m≤ .  
 
Let S = { kppp ,,, 21 L } be the set of first k primes and 
2
)1(
2
+<≤ kk pNp  
Consider any disjoint partitioning of set of primes in S into two parts, 
like 
},,{ 11211 mpppA L=  and },,{ 22221 npppB L=  such that φ=∩ BA  and SBA =∪ .  
Preposition 9.1: Let  α  = ( mmppp µµµ 11211 ... 21 L  ) ± ( nnppp ννν 22221 ... 21 L ) 
then α  is prime if  2 < N<α .  
Proof: Let P = mmppp
µµµ
11211 ... 21 L  and Q = nnppp ννν 22221 ... 21 L , then P is 
not divisible by prime in the set B though Q is and Q is not divisible by a  
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prime in the set A though P is, therefore P ± Q is not divisible by a prime 
in S. Also, 2 < N<α , hence by theorem 1.1, α  is prime.            
Preposition 9.2: Let A = { mppp 11211 ,,, L }, B = { nppp 22221 ,,, L }, 
and C = { jp } such that CBA ,,  are mutually disjoint sets, and 
SCBA =∪∪ . Let )2(1 =p belongs to A. Let ∏==
m
l
l
lp
1
1
δα − jp . Now, 
let R =∏
=
m
l
l
lp
1
1
δ , then    
(a) If 2 < N<α  and  
(b) If R mod jk pp ≠)( 2  mod )( 2kp  for all nk ≤≤1  then α  is prime. 
 
Proof: Since R is divisible by primes in the set A while jp  is not, and 
jp  is divisible by jp  but R is not so α  is not divisible by primes in 
CA∪ . Also, from (b) α  is not divisible by any prime in B, therefore α  
is not divisible by any prime in S and (a) holds therefore by theorem 1.1 α  is prime.  
Note that R is even and R = α  + jp , i.e. sum of two primes. 
Preposition 9.3: Let N = 2n and let T = { kppp ,,, 21 L } be set of first k 
primes and are n≤ . Let )mod( jj pN β≡ , Tp j ∈ . Let  
C = { lk pp ,,)1( L+ } be the set of next primes after kp  and Cps ∈  
satisfies spn ≤ Nn =< 2 , then N − sp  is prime if )mod( jjs pp α≡  
and jj βα ≠ for all primes Tp j ∈ . 
 
Proof: It is clear from the given data that 
)mod()()( jjjs ppN αβ −≡−  and so for primality of N − sp  we 
should have jj βα ≠  for all Tp j ∈ .  
Note that when such a prime Cps ∈  exists then N is expressible as a 
sum of two primes. 
 
Preposition 9.4: There are infinitely many even numbers that can be 
expressed as sum of two primes.  
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Proof: Let p  be some fixed odd prime. Since primes are infinite in 
number so obviously there are infinitely many odd primes pq > and 
clearly qp +  is an even number. 
                               
                              We now proceed to propose a fresh new approach to 
deal with Goldbach problem and finally show that this new strategy is 
worthwhile for affirmative settlement of the problem. We begin with the 
statement of the following very useful theorem:   
 
Theorem 9.2 (Chinese Remainder Theorem): Let lmmm ,,, 21 L  
denote l positive integers which are relatively primes in pairs, and let 
laaa ,,, 21 L  denote any l integers. Then the following congruence 
system                       
)mod( 11 max ≡  
)mod( 22 max ≡  
M 
)mod( ll max ≡  
has common solutions. If 0x  is one such solution, then an integer x  is 
another solution if and only if kmxx += 0 for some integer k  and here 
∏
=
= l
j
jmm
1
. 
                              Let n2  be an arbitrary positive and even integer. In 
order to settle Goldbach conjecture in the affirmative we have to show the 
existence of two prime numbers p , q n2<  such that qpn +=2 . Let 
)1(321 ,,,),3(),2( +== kk ppppp L   be the successive primes such that 
2
)1(
2 2 +<< kk pnp . Let kipn ii ,,2,1),mod(2 L=≡ β . Note that 
since n2  is even so clearly 01 =β . The main idea in this approach is to 
split each remainder iβ  into two nonzero parts in all possible ways: 
,ji
j
ii δηβ +=  and )1(,1 −≤≤ ijiji pδη . We then determine all 
possible number pairs ( qp, ) using the above mentioned Chinese 
remainder theorem such that )mod( i
j
i pp η≡  and )mod( iji pq δ≡ . 
We call such qp,  numbers the suitable candidates. They are  
complements of each other in the sense that ji
j
ii δηβ += . If we show 
that among the suitable candidates there exists at least one number p (or 
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q ) such that np 2<  (and so prime due to theorem 9.1) then Goldbach 
conjecture follows. We show the existence of such prime p by showing 
that the span (separation between the largest and the smallest number 
among the suitable candidates) of the suitable candidates, ∏
=
−k
i
ii up
1
)(  in 
count, where 1=iu when 0=iβ , and 2=iu when 0≠iβ , is greater 
than ∏
=
−k
i
i np
1
2 .  
                              For the sake of illustration we begin with an example:  
Example 9.1: Let 1002 =n . So 102 =n . The primes less than 10 are 
respectively 2, 3, 5, and 7. Cleary, )2mod(0100 ≡ ,  )3mod(1100 ≡ , 
)5mod(0100 ≡ , and  )7mod(2100 ≡ . Now we note down all the 
possibilities that exists for jiη : 
(1) }1{1 =jη  
(2) }2{2 =jη  
(3) }4,3,2,1{3 =jη  
(4) }6,5,4,3,1{4 =jη  
Note that for any choice of jiη given above the corresponding choice for 
j
iδ that get fixed by the requirement, namely, ,jijii δηβ +=  is suitable 
in the sense that all these jiδ are nonzero as is needed.   
To settle Goldbach conjecture for the even number equal to100 we need 
numbers (at least one) less than 100 which can be expressed 
simultaneously in the forms 
}65431{7},4321{5,23,12 4321 ororororkorororkkk ++++  for 
some positive integers 4321 ,,, kkkk . For example, note that 11 has the 
desired representations i.e. 2×5+1, 3×3+2, 5×2+1, 7×1+4. etc. so, 11 is 
the suitable prime with suitable prime complement 89 so that  
100 = 11+89. 
                              Note that there are in all 1×1×4×5 = 20 (product of the 
cardinalities of sets jiη , }4,3,2,1{=i ) possibilities for p  and one can see 
that the numbers obtained from these choices by applying Chinese 
remainder theorem are {11, 17, 29, 41, 47, 53, 59, 71, 83, 89, 101, 113, 
131, 137, 143, 167, 173, 179, 197, 209}, when written in increasing 
order. Thus, there are in all 10 choices less than )100(2 =n for p and 
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since pqqp +=+  therefore there are 5 ways to express 100 as sum of 
two primes, namely, 11+89, 17+83, 29+71, 41+59, 47+53. Here we have 
split the remainders iβ  into two nonzero parts.  
But instead if we allow the splitting such that some one jiη  = 0 and 
0≠jiδ  then it leads to additional expressions for 100 as sum of two 
primes, namely, 3+97. Here we allow a prime among primes 2, 3, 5, 7 as 
one prime when its complement is also prime. 
                              Now, note that }1{1 =jη  and }2{2 =jη , so they have 
only one choice. So, all the possible 20 numbers are separated from each 
other by at least 2×3 = 6. When jjj 321 ,, ηηη  are fixed and only j4η  is 
allowed to take all possible values mentioned above then it is easy to see 
that the resulting 5 numbers are separated from each other by at least 
2×3×5 = 30. Similarly, when jjj 421 ,, ηηη  are fixed and only j3η  is 
allowed to take all possible values mentioned above then it is easy to see 
that the resulting 4 numbers are separated from each other by at least 
2×3×7 = 42. Thus, one can easily see that the mutual separations among 
the allowed 20 numbers constructed above are either multiples of 6 or 30 
or 42. The following are the conclusions about the 20 numbers that are 
possible as candidates for p : 
(1) All these 20 numbers have relative separation equal to a nonzero 
integral multiple of 6. 
(2)  There are four groups of numbers (since we can keep fixed the 
first three remainders in 4 ways) such that each group contains 5 
numbers and the numbers in each such a group have a relative 
separation equal to a nonzero integral multiple of 30. 
(3)  There are five groups of numbers (since we can keep fixed the 
first, second and fourth remainder in 5 ways) such that each group 
contains 4 numbers and the numbers in each such a group have a 
relative separation equal to a nonzero integral multiple of 42. 
Now, suppose the maximum number among the twenty numbers is of 
the order of =M  ∏
=
4
1i
ip .  
(a) Thus, among the four groups described in (2) there is a group 
having largest element M . It is easy to see that the largest element in 
other groups will lower down at least by 2×3 = 6. Now, since there are 
four such groups of type described in (2) there will be a group of 
elements having largest element equal to −M  24. Since the elements 
in this group are separated by 30 we will have an element among the 
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twenty element of the order  −M  24 − 150 = 36. Thus, the span 
between the largest number, say =M  ∏
=
4
1i
ip  and smallest number 
which is of order ( −M 24─150) will be 174, while nM 2− = 
np
i
i 2
4
1
−∏
=
 is of the order 110. 
(b) Thus, among the five groups described in (3) there is a group 
having largest element M . It is easy to see that the largest element in 
other groups will lower down at least by 2×3 = 6. Now, since there are 
five such groups of type described in (3) there will be a group of 
elements having largest element equal to −M  30. Since the elements 
in this group are separated by 42 we will have an element among the 
twenty element of the order  −M  24 − 168 = 12. Thus, the span 
between the largest number, say =M  ∏
=
4
1i
ip  and smallest number, 
which is  of order ( −M 24─168), will be 192, while nM 2− = 
np
i
i 2
4
1
−∏
=
 is of the order 110. 
Note that the actual largest number in the list of the solutions obtained 
above using Chinese remainder theorem is 209 and therefore the smallest 
number in the list that we get is 209─192 = 11. 
 
Let us now proceed with some useful lemmas: 
  
Lemma 9.1: Let n2  be an arbitrary positive and even integer and let 
)1(321 ,,,),3(),2( +== kk ppppp L   be the successive primes such that 
2
)1(
2 2 +<< kk pnp  and let kipn ii ,,2,1),mod(2 L=≡ β . Then iβ  
can be expressed as sum of two nonzero integers respectively in exactly 
1−ip  ways when 0=iβ  and in exactly 2−ip  ways when 0≠iβ . 
Proof: (1) If  0=iβ  then iβ  can be expressed as sum of two nonzero 
integers as follows: )1(10 −+== ii pβ  
                                             )2(2 −+= ip  
                                             )3(3 −+= ip  
                                                    M 
                                             1)1( +−= ip . 
Thus, in all exactly 1−ip  ways. 
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              (2) If  0≠iβ  then iβ  can be expressed as sum of two nonzero 
integers as follows: Let ji =β , )1(1 −≤≤ ipj  then  
                                )1(1 −+== jjiβ    
                                             )2(2 −+= j  
                                                    M 
                                             1)1( +−= j   
                                             )1()1( −++= ipj  
                                             )2()2( −++= ipj  
                                                    M 
                                             )1()1( ++−= jpi . 
Thus, in all exactly 2−ip  ways. Hence the lemma. 
 
Lemma 9.2: Let kipn ii ,,2,1),mod(2 L=≡ β . The total number of 
possibilities for number p  such that )mod( i
j
i pp η≡ , 
)mod( i
j
i pq δ≡  and ,jijii δηβ += where )1(,1 −≤≤ ijiji pδη  are 
N in number and N = ∏
=
−k
i
ii up
1
)(  where 1=iu when 0=iβ , and 
2=iu when 0≠iβ . 
Proof: Since all the choices for jiη for all i can be made independently of 
each other therefore the result follows from lemma 9.1. 
 
Lemma 9.3: If we fix the choice of some j remainders among the 
suitable remainders corresponding to some j  primes and allow to vary 
the other remainders over the range of suitable remainders corresponding 
to other )( jk −  primes and generate all numbers using Chinese 
remainder theorem then these numbers will be separated from each other 
by minimum separation equal to ∏
l
lp where the product is taken over 
the selected j primes such that the choice for their remainders is fixed. 
 
Proof: It follows from the periodic occurrence of remainders. A fixed 
remainder jiη for prime ip  reappears after ip  numbers, similarly, the 
simultaneous occurrence of fixed remainders jiη and klη for primes ip  
and lp together, takes place after ip . lp  numbers. Hence etc. 
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Lemma 9.4: The span of suitable candidates in the group of ( kk up − ) 
numbers obtained using Chinese remainder theorem by choosing fixed 
remainders jiη , )1(,,2,1 −= ki L  and allowing to vary jkη  over the 
allowed ( kk up − ) remainders is at least equal to ∏
−
=
1
1
k
i
ip ( kk up − ), i.e. if 
the largest element in the group of these ( kk up − ) numbers is of the 
order M = ∏
=
k
i
ip
1
 then the smallest element is at least of the order  
M − ∏−
=
1
1
k
i
ip ( kk up − ). 
 
Proof: Since the minimum separation between any two numbers in this 
group of numbers is ∏−
=
1
1
k
i
ip and there are in all ( kk up − ) numbers. Hence 
etc.    
 
Lemma 9.5: Suppose the largest number in the group of ( kk up − ) 
elements obtained by fixing the choice of allowed remainders  jiη , 
)1(,,2,1 −= ki L  and allowing to vary jkη  over the allowed ( kk up − ) 
remainders is of order M (i.e. ≈  M = ∏
=
k
i
ip
1
) then we can have a group of 
( kk up − ) numbers having largest element of the order   
−M )( )()(
)1(
1
)3(
1
jkjk
jk
i
i
k
j
upp −−
−−
=
−
=
−∏∑ . 
 
Proof: Suppose we have a group of ( kk up − ) elements obtained by 
fixing the choice for jiη , )1(,,2,1 −= ki L  and allowing to vary jkη , 
having largest element of the order M. In this case if we allow to vary 
j
k )1( −η  along with jkη  then the largest element can be lowered to  
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−M  ∏−
=
2
1
k
i
ip ( )1()1( −− − kk up ). Proceeding on similar lines if we also 
allow varying jk )2( −η  then the largest element can further be lowered to  
−M ∏−
=
2
1
k
i
ip ( )1()1( −− − kk up )−∏
−
=
3
1
k
i
ip ( )1()1( −− − kk up ).  
Since for primes )3(),2( 21 == pp there is unique choice for remainders 
so successively allowing to vary jiη , )1(,,4,3 −= ki L , we can 
ultimately lower the largest element to L where  
L = −M )( )()(
)1(
1
)3(
1
jkjk
jk
i
i
k
j
upp −−
−−
=
−
=
−∏∑ .      
 
Lemma 9.6: The span of suitable candidates for an even number n2  
ranges from ∏
=
= k
i
ipM
1
to ( L − ∏−
=
1
1
k
i
ip ( kk up − )), where L is as 
defined in the above lemma 9.5. 
 
Proof: Clear, since there exists a group of ( kk up − ) elements separated 
from each other at least by ∏−
=
1
1
k
i
ip  and having largest element of the order 
L.          
 
Remark 9.1: Thus, the smallest suitable candidate is of the order of  
 
−M )( )()(
)1(
1
)3(
0
jkjk
jk
i
i
k
j
upp −−
−−
=
−
=
−∏∑ .      
 
Lemma 9.7: If we assume that all 2=iu then the smallest element 
among the suitable candidates will be  
−M )2( )(
)1(
1
)3(
0
−−
−−
=
−
=
∏∑ jk
jk
i
i
k
j
pp  = ∏−
=
1
1
k
i
ip + ∏
−
=
+ 3
1
k
i
ipL + …+ 21.2 pp  
 
Proof: Substituting M = ∏
=
k
i
ip
1
 the result is clear by simple evaluation.  
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Lemma 9.8: If we assume that all 1=iu then the smallest element among 
the suitable candidates will be  
−M )1( )(
)1(
1
)3(
0
−−
−−
=
−
=
∏∑ jk
jk
i
i
k
j
pp  =  6. 21 =pp . 
Proof: Substituting M = ∏
=
k
i
ip
1
 the result is clear by simple evaluation.  
 
Remark 9.2: Note that when 2=ku  then in this case one remainder is 
disallowed because it’s choosing leads to a zero remainder for one of the 
two solutions ( p or q ) through Chinese remainder theorem and thus 
implying its nonprime nature. But it is important to note that this 
number causing zero remainder in general do not have a place at the 
lower end of the set of numbers separated from each other by the product 
of primes whose remainder choices are fixed, the probability for such an 
occurrence is equal to 



− )1(
1
kp
 and so the probability that the omitted 
number producing zero remainder does not have a place at the lower end 
will be equal to 



−
−
)1(
)(
k
kk
p
up
,and so the smallest element could be of 
the order −M )1( )(
)1(
1
)3(
1
−−
−−
=
−
=
∏∑ jk
jk
i
i
k
j
pp .    
 
In the above example 9.1, if we fix the remainders jiη , 3,2,1=i  as {1, 
2, 2} and allow to vary the remainder jiη  for 4=i  over the entire range 
of remainders form 1 to 6, including the forbidden remainder (= 2), then 
we get the following numbers using the Chinese remainder theorem: 
 
Remainder sequence mod(2,3,5,7) The corresponding number using 
Chinese remainder theorem 
(1, 2, 2, 1) 197 
(1, 2, 2, 2) 107 
(1, 2, 2, 3) 17 
(1, 2, 2, 4) 137 
(1, 2, 2, 5) 47 
(1, 2, 2, 6) 167 
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Thus, the number (= 107) corresponding to the forbidden remainder 
)2(= modulo(7) has not appeared at the lower end of the span. 
 
Theorem 9.3: The span of suitable candidates for an even number n2  is 
greater than (∏
=
−k
i
i np
1
2 ) where )1(321 ,,,),3(),2( +== kk ppppp L   
are the successive primes such that 2 )1(
2 2 +<< kk pnp , i.e. there exists at 
least one suitable candidate, p say, such that p  < n2 .  
Proof: With the consideration of high probability of nonoccurrence of the 
omitted choices producing zero remainder at the lower end we can 
replace almost all iu  in the above span by 1 and we get the span of the 
order  ≈ )1( )(
)1(
1
)3(
1
−−
−−
=
−
=
∏∑ jk
jk
i
i
k
j
pp + ∏−
=
1
1
k
i
ip  ( 1−kp ).        
and this span is clearly greater than ∏
=
−k
i
i np
1
2 .(Note that 22 kpn ≈ ). 
Hence etc. 
 
Corollary (Goldbach Conjecture): Every even integer greater than 2 is 
the sum of two primes.  
 
Proof: The existence of  p  < n2  as per above theorem implies the 
existence of its complement nq 2<  such that qpn +=2 . 
      
                               
The above given proof is existential type. To obtain the actual 
representation for an even number as sum of two primes when we land up 
at a number n2>  in the list of suitable candidates the following strategy 
is sometimes useful: 
(1) Express the suitable candidate we have arrived at which is n2> , 
t  say, as  t = rn + (here, nr > ).  
(2)  Check whether we can factorize r = 'sr  such that 
)mod(12 ips ≡  for all ki ,,2,1 L= . (It is clear that such s  will 
satisfy the congruence relations )mod( ii ps ω≡ , where 1=iω  
or 1−= ii pω .) 
(3)  If yes, then check whether nr <' , if yes then )','( rnrn +−  will 
form the desired prime pair whose sum is n2 . 
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Example 9.2: In example 9.1 we get number 137 among the suitable 
candidates. Now, 137 = 50 + 87. Now, 87 = 29×3 and )mod(1292 ip≡  
for all 4,,2,1 L=i . So, (50─3, 50+3) forms the desired prime pair such 
that the sum is 100. 
                              Twin prime conjecture can be viewed through similar 
considerations like Goldbach conjecture. Affirmative settlement of twin 
prime conjecture is equivalent to showing the existence of infinitely many 
odd numbers n  such that if )mod( ii pn α≡ , li L,2,1=  and 
2
)1(
2
+<< ll pnp  such that for all i , either 2,0≠iα  or 
)2(,0 −≠ ii pα . The validity of the first case implies that ),2( nn − is a 
twin prime pair while the validity of the second case implies that 
)2,( +nn is a twin prime pair. 
 
Example 9.3: Consider all numbers modulo 2, 3, 5 up to 2×3×5 = 30 
numbers. The sufficient condition (as per theorem 9.1) among these 
numbers with }1{1 =α , }1{2 =α , }4,3,1{3 =α  to form twin prime 
pairs ),2( nn − is  n  < 4972 = . Using Chinese remainder theorem we 
see that these numbers “n ” are {13, 19, 31, 43} when arranged in 
increasing order, and so we get four twin prime pairs of the form 
),2( nn − , namely, {(11, 13), (17, 19), (29, 31), (41, 43)}.  
 
Example 9.4: Consider all numbers modulo 2, 3, 5, 7 up to 2×3×5×7 = 
210 The sufficient condition (as per theorem 9.1) among these numbers 
with }1{1 =α , }2{2 =α , }4,2,1{3 =α , }6,4,3,2,1{4 =α  to form twin 
prime pairs of the type )2,( +nn  is 121)11( 2 =<n . Using Chinese 
remainder theorem we see that these numbers “n ” are {11, 17, 29, 41, 
59, 71, 101, 107, 137,149,167, 179, 191,197, 209} when arranged in 
increasing order, and so with certainty the following eight are twin 
prime pairs of the form )2,( +nn , namely, {(11, 13), (17, 19), (29, 31), 
(41, 43), (59, 61), (71, 73), (101, 103), (107, 109)}.  
                              One can see that considering all numbers “n ” modulo 
primes kppp ,,, 21 L  from 1 to ∏=
k
i
ip
1
 such that if )mod( ii pn α≡ , 
ki L,2,1=  and for all i , 2,0≠iα  as solutions as per Chinese 
remainder theorem, with pre-specified remainders to get the twin prime 
pairs of type ),2( nn − , (then applying similar considerations as is 
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done for the settlement of Goldbach conjecture) one can see that the 
count of twin prime pairs of type ),2( nn −  such that 2 )1(2 +<< kk pnp  
goes on increasing with increase in k . Thus, one is assured to have 
endless supply of twin prime pairs.  
                          
Alternative Treatment for Goldbach Conjecture: We now proceed to 
show how this famous Goldbach conjecture actually follows as a 
consequence of Chinese remainder theorem stated above in quite 
transparent way. For this let us start with the following equivalent: 
  
Theorem 9.4 (Equivalent of Goldbach Conjecture): For every positive 
integer greater than or equal to 5 there exists two primes equidistant from 
it. In other words, let 5≥n  be the positive integer then there exists 
distance d , nd <<0 ,  such that dnp −=  and dnq += , where qp,  
are prime numbers. 
 
The equivalence of the above statement with Goldbach conjecture is 
straightforward. If the above statement (equivalent) is valid then it 
implies that dnqpn =−=−  which in turn implies that qpn +=2 , 
which is Goldbach Conjecture. 
 
Let )1(321 ,,,),3(),2( +== kk ppppp L   be the successive primes such 
that 2 )1(
2 2 +<< kk pnp . Let kipn ii ,,2,1),mod( L=≡α  and further 
each iα  satisfies the inequality ( )10 −≤≤ ii pα . Now, in order to find 
out the desired primes qp,  mentioned above which are equidistant from  
5≥n  and at distance d , nd <<0 , we need to have following 
congruence relations, namely, ),mod( ii pdn µ≡− and 
),mod( ii pdn ν≡+  such that 0,0 >> ii νµ  for all ki ,,2,1 L= .  
We now proceed to record the formulae of distances for the case of each 
prime and for each remainder modulo that prime. Modulo each prime, 
ip  and for each possible value of iα  for that prime ip  for each such 
that at those distances there will be positive entries (positive values for 
ii νµ , ). 
     Let us record below few cases concretely:  
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1) Mod(2) case: Let 01 =α  then for numbers at distance 
12 1 += kd , on both left and right side of the number n on the 
number line, we will have positive remainders modulo 2, where, 
L,2,1,01 =k Similarly, Let 11 =α  then at distance 12kd = , on 
both left and right side of the number n on the number line, we will 
have positive entries, where, L,2,1,01 =k  
2) Mod(3) case: Let 02 =α  then for numbers at distance 
23,13 22 ++= kkd , on both left and right side of the number n on 
the number line, we will have positive remainders modulo 3, 
where, L,2,1,02 =k Similarly, Let 2,12 =α  then for numbers at 
distance )1(3 2 += kd , on both left and right side of the number n 
on the number line, we will have positive remainders modulo 3, 
where, L,2,1,02 =k  
3) Mod(5) case: Let 03 =α  then for numbers at distance 
45,35,25,15 3333 ++++= kkkkd , on both left and right side of 
the number n on the number line, we will have positive remainders 
modulo 5, where, L,2,1,03 =k Similarly: Let 13 =α  then for 
numbers at distance )1(5,35,25 333 +++= kkkd , on both left and 
right side of the number n on the number line, we will have 
positive remainders modulo 5, where, L,2,1,03 =k , Let 23 =α  
then for numbers at distance )1(5,45,15 333 +++= kkkd , on both 
left and right side of the number n on the number line, we will have 
positive remainders modulo 5, where, L,2,1,03 =k , Let 33 =α  
then for numbers at distance )1(5,45,15 333 +++= kkkd , on both 
left and right side of the number n on the number line, we will have 
positive remainders modulo 5, where, L,2,1,03 =k , Let 43 =α  
then for numbers at distance )1(5,35,25 333 +++= kkkd , on both 
left and right side of the number n on the number line, we will have 
positive remainders modulo 5, where, L,2,1,03 =k . 
 
One can continue in this way and determine the formulae for distance d , 
nd <<0 , for all primes )1(321 ,,,),3(),2( +== kk ppppp L  such 
that we will have positive remainders modulo corresponding prime under 
consideration for numbers at the distance d  satisfying these formulae, on 
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both left and right side of the number n on the number line, and which 
(we aim to) should ultimately lead to the following congruence relations,   
namely, ),mod( ii pdn µ≡− and ),mod( ii pdn ν≡+  such that 
0,0 >> ii νµ  for all ki ,,2,1 L= , which settles Goldbach conjecture. 
Thus, in order settle Goldbach conjecture we need to find distance d , 
nd <<0 , which takes the form iii rkpd += , for all primes 
)1(321 ,,,),3(),2( +== kk ppppp L  and { }1,,1,0 −∈ ii pr L such that 
we will have positive remainders modulo corresponding prime under 
consideration for numbers at the distance d  satisfying these formulae, 
on both sides, left and right side of the number n on the number line.  
 
Proof of theorem 9.4: Now, given 5≥n  we can determine uniquely the 
remainders iα  satisfying the inequality ( )10 −≤≤ ii pα  such that 
kipn ii ,,2,1),mod( L=≡α . Using these values of iα we can find 
formulae (expressions) for distance d , as is concretely done above for 
Mod(2), Mod(3), Mod(5) cases, in the form iii rkpd += , for all 
primes )1(321 ,,,),3(),2( +== kk ppppp L  and where we will get { }1,,1,0 −∈ ii pr L such that we will have positive remainders modulo 
corresponding primes under consideration for numbers at the distance d  
satisfying these formulae, on both sides, left as well as right side of the 
number n on the number line. But what does these formulae for distances 
imply? These formulae for distances iii rkpd +=  equivalently imply 
that we in possession of following congruence system (and are after 
finding a positive number d , nd <<0 , satisfying this congruence 
system):  
 
)mod( 11 prd ≡  
)mod( 22 prd ≡  
M 
)mod( kk prd ≡  
 
Now, clearly, this system of congruence has a solution by Chinese 
Remainder Theorem. Further using this solution, d , we can find 
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dnp −=  and dnq += , where qp,  are prime numbers. And thus 
clearly we have the desired expression qpn +=2 , for given even 
number, 2n, as required for settling Goldbach Conjecture. 
 
 
Example 9.5: Let 2n = 34, therefore we have n = 17. Now, it is clear 
to see that clearly, )2mod(117 ≡ ,  )3mod(217 ≡ , and )5mod(217 ≡ . 
Therefore for Mod(2) case: 11 =α  and so 12kd = . Similarly, for 
Mod(3) case: 22 =α and so 23kd = . Similarly, for Mod(5) case: 
23 =α  and so 15 3 += kd . Therefore, we have 
)2mod(0≡d  
)3mod(0≡d  
)5mod(1≡d  
so as a solution of this congruence system we get 6=d . Therefore, it 
implies that dnqpn =−=− equivalent to 617231117 =−=−  
which in turn from relation qpn +=2 implies that 231134 += . 
 
Example 9.6: Let 2n = 100, therefore we have n = 50. Now, it is clear 
to see that clearly, )2mod(050 ≡ ,  
)3mod(250 ≡ , )5mod(050 ≡ , and )7mod(150 ≡ . Therefore for 
Mod(2) case: 01 =α  and so 12 1 += kd . Similarly, for Mod(3) case: 
22 =α and so 23kd = . Similarly, for Mod(5) case: 03 =α  and so 
}4,3,2,1{5 3 += kd . Similarly, for Mod(7) case: 14 =α  and so 
}5,4,3,2{7 4 += kd . Therefore, we have the following congruence 
system: 
                                           )2mod(1≡d  
)3mod(0≡d  
                                           )5mod(}4,3,2,1{≡d  
and                                     )7mod(}5,4,3,2,0{≡d  
 
For this congruence system we can easily find solutions, viz: 
}39,33,21,9,3{=d and this leads to expression for 100 as follows: 
100 = {53+47, 59+41, 71+29, 83+17, 89+11}. 
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One more Argument for Goldbach Conjecture: We now offer an 
elementary counting argument that will imply the validity of Goldbach 
conjecture in most convincing manner. This argument has been inspired 
by the observation that if we will note down all primes up to certain 
positive integer x, say kppp ,,, 21 L  , where 

=
)ln(x
xk  denotes the 
integer part of 



)ln(x
x , and consider all possible expressions like 11 pp +  
, 21 pp + , 31 pp + , … , kpp +1 , 22 pp + , 32 pp + , …, kk pp + , 
clearly these expressions represent some even numbers x2≤ . Now, total 
number of even numbers x2≤  are x~ , and total number of above 
expressions representing some (not all) even numbers x2≤  are 
2
)1(~ +kk . 
Clearly, xkk >>+
2
)1(  as ∞→x  and therefore not only many even numbers 
should have representation as sum of two primes but also those even 
numbers will have many such distinct representations.  
                        The so called counting argument that we develop below in 
support of Goldbach conjecture goes as follows:  
 
I. We count the number of distinct representations for chosen fixed 
positive and even integer x as sum of two odd numbers bigger than 
one. Let A  denotes this count. . In these representations all cases 
like, e.g. both the odd numbers in the representation are primes, 
etc. are also included. 
II. We count the number of representations for chosen fixed positive 
and even integer x as sum of two odd numbers in which either both 
or at least one odd number in the representation is not 
   prime. Let B  denotes this count 
III. It is straightforward to see that if we subtract count obtained in II 
above from the count obtained in I then that results in the count for 
chosen even integer x as sum of two prime numbers.  
Let x be the given even number. To find the count in I we need to 
find number of odd numbers starting from 3 up to x/2.  
If x /2 is odd then   

=
4
xA . 
        If x/2 is even then 14
−

= xA . 
        Note that square bracket [  ] denotes the integer part of. 
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Chinese Remainder Theorem and Twin Prime Conjecture: 
 
We now proceed with direct convincing proof that establishes the desired 
infinitude of twin prime pairs as a consequence of Chinese Remainder 
Theorem. 
  
Theorem 9.5 (Twin Prime Conjecture): Twin prime pairs are infinite. 
 
Proof: Consider any sufficiently large number N. Suppose 
)1(321 ,,,),3(),2( +== kk ppppp L  are all successive primes such that 
2
)1(
2
+<≤ kk pNp .  We now choose x  such that 12 1 += kx , also 
13 2 += kx , }4,3,1{5 3 += kx , }6,5,4,3,1{7 4 += kx , 
}10,9,8,7,6,5,4,3,1{11 5 += kx ,….., 
}1,,4,3,1{ −+= kkk pkpx L  and L,2,1, =iki  are suitable 
positive integers. These integers and corresponding remainders are so 
chosen such that Nx ≤ . Equivalently, we are finding such x which is 
solution of the following congruence system: 
 
)2mod(1≡x  
)3mod(1≡x  
)5mod(}4,3,1{≡x  
)7mod(}6,5,4,3,1{≡x  
)11mod(}10,9,8,7,6,5,4,3,1{≡x  
M 
)mod(}1,,4,3,1{ kk ppx −≡ L  
The existence of such Nx ≤  ensures its prime nature and for such 
x not only it will be prime but also it is easy to check that )2( −x will 
also be a prime number! Thus, whichever endlessly large N we choose we 
always can find a twin prime pair near it! Thus, twin primes are infinite!! 
 
Remark 9.1: Following on the lines of theorem 9.5 given above, it is 
now a straightforward exercise to establish the infinitude of prime pairs 
separated by 2n, where n is any positive integer.  
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Example 9.7: Let x = 7. So, )2mod(1≡x , )3mod(1≡x . Clearly, 
5)2( =−x is prime. Let x = 31. So, )2mod(1≡x , )3mod(1≡x , 
)5mod(1≡x . Clearly, 29)2( =−x is prime. Let x = 43. So, 
)2mod(1≡x , )3mod(1≡x , )5mod(3≡x . Clearly, 
41)2( =−x is prime. Let x = 103. So, )2mod(1≡x , 
)3mod(1≡x , )5mod(3≡x . )7mod(5≡x , Clearly, 
101)2( =−x is prime.  
 
10. Schinzel-Sierpinski Conjecture: This well-known conjecture [7] 
asserts that every positive rational number x  can be represented as a 
quotient of shifted primes, i.e. there exist primes p  and q such that 



+
+=
1
1
q
px .    
                              Let x  = 


n
m
. 
Then one has to show the existence of a positive integer k  such that the 
pair ( qp, ) = )12,12( −− nkmk ,  is a prime pair . Does there exist a 
possible candidate k so that the pair ( qp, ) = )12,12( −− nkmk  will 
turn out a prime pair? We proceed with an algorithm for searching such 
a number. Let lppp ,,, 21 L  denote first l  primes and let laaa ,,, 21 L  
denote specific l integers such that the given x  satisfies the following 
congruence system                       
)mod( 11 pax ≡  
)mod( 22 pax ≡  
M 
)mod( ll pax ≡  
We depict this fact in the form of sequence represented in the tabular 
form as follows: 
 
Mod 1p  1p  … lp  
x  1a  2a  … la  
 
and call it the remainder sequence of x  with respect to primes 
lppp ,,, 21 L . 
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Algorithm for finding suitable k: 
 
Let nm < .  
1. Create remainder sequences for m2  and n2  up to first l  primes 
lppp ,),3(),2( 21 L==  where 2 )1(2 2 +<< ll pnp  and let 
)mod(2 ii pm α≡  and )mod(2 ii pn β≡ .  
2. Take )mod( ii pk λ≡  where li ,,2,1 L= and 2 )1(2 2 +<< ll pnp  
and determine properties that k  should obey by imposing 
conditions, namely,  iiλα  as well as iiλβ  are not congruent to 
)mod(1 ip . 
 
Remark 10.1: Note that k  will be appropriate if iiλα  as well as iiλβ  
are not congruent to )mod(1 ip . Since, for example, if iiλα  ≡  
)mod(1 ip  then 12 −mk  will not be a prime. We take the smallest 
k that satisfies the requirements present implicitly in the allowed values 
of remainders iλ , li ,,2,1 L=  and extend the remainder sequences, if 
required, for m2 , n2 and k  up to first s  primes 
sppp ,),3(),2( 21 L==  where sl ≤  and 2 )1(2 2 +<< ss pnkp .  
3. Check whether this k  is appropriate. If YES stop. Else, if NO 
4. Take next suitable k and go to step 3.   
 
                              Note that among ( ip ) possible values for iλ  there will 
be some one value for which )mod(1 iii p≡λα . Similarly, among ( ip ) 
possible values for iλ  there will be some one value for which 
)mod(1 iii p≡λβ . Thus, there will be in all ( ii vp − ) values, (with 
0=iv , if 0=iα  and 0=iβ , and with 1=iv   when ii βα = 0≠ , so 
that )mod(1 iii p≡λα  and )mod(1 iii p≡λβ  holds for same iλ , and 
2=iv  when ii βα ≠ and both are nonzero) among the possible ( ip ) 
values for iλ . Thus, there are in all ∏= −
k
i
iip
1
)( ν  possible values for k .  
                              Now, using the Chinese remainder theorem we can 
generate all these numbers k  that are possible candidates so that the pair 
( qp, ) = )12,12( −− nkmk  will turn out to be a prime pair. In order to 
show the existence of a suitable candidate k  such that 
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2
)1(
2 2 +<< ll pnkp  and iiλα  as well as iiλβ  are not congruent to 
)mod(1 ip  one could develop similar arguments as are given for the 
justification of Goldbach conjecture. 
 
Problem: Develop span argument (as is done for the Goldbach 
conjecture) for showing the existence of a suitable k, to settle Schinzel-
Sierpinski Conjecture. 
Example 10.1: We express 
)1(
)1(
13
11
+
+==
q
p
n
m
 such that qp,  are prime 
numbers. 
 
We construct remainder sequence for 22 and 26, 
  
Mod 2 3 
22 0 1 
 
Here, primes up to 2p  are written in the first row and remainders modulo 
these primes for 22 are written in the second row below them. 
Similarly,  
 
Mod 2 3 
26 0 2 
 
Now we note down all the possibilities that exists for iλ , 2,1=i . 
Clearly, }1,0{1 =λ , }0{2 =λ . Note that since }0{2 =λ  therefore k  
must be a multiple of three.  When k = 3 we need to extend the remainder 
sequences up to fourth prime (since, 113267 <×< ). With this the 
remainder sequences change to  
 
Mod 2 3 5 7 
22 0 2 2 1 
 
 
Mod 2 3 5 7 
26 0 2 1 5 
 
So allowed values for }4,2,0{3 =λ  and for }6,5,4,2,0{4 =λ . But for  
k = 3 the remainder sequence is  
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Mod 2 3 5 7 
3 1 0 3 3 
 
i.e. when k = 3, 3λ = 3 and 4λ = 3, and these values are disallowed 
values.  Also, when k = 6, 3λ =1 and 4λ = 6, and among these the value 
3λ = 1 is a disallowed value. So, we next try k = 9. For this choice we 
need to extend the remainder sequences up to sixth prime, since 
1792613 <×< . Thus, 
 
  mod 2 3 5 7 11 13 
22 0 2 2 1 0 9 
 
and  
 
  mod 2 3 5 7 11 13 
26 0 2 1 5 4 0 
 
So allowed values for }10,9,8,7,6,5,4,2,0{5 =λ an for 
}12,11,10,9,8,7,6,5,4,2,1,0{6 =λ . Also for k = 9 the remainder 
sequence becomes  
 
  mod 2 3 5 7 11 13 
9 1 0 4 2 9 9 
 
Thus, all values of iλ  are allowed values in this case and so the primes 
we get are (197, 233) such that 


+
+=


1233
1197
13
11
. 
 
 
11. Mersenne, Fermat Primes and Other Twin Primes: Consider the 
numbers of the form L,3,2,1,12 =−= qM qq . These numbers are 
called Mersenne numbers when the choice of q  is restricted to primes 
[5]. The following is the main conjecture related to Mersenne numbers:  
There are infinitely many prime Mersenne numbers.  
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                               If we fix a prime say 2>p  and consider congruence 
relations )mod(2 pq
q α≡  for all L,3,2,1=q  then it is easy to check 
the important observation that the remainders qα , L,3,2,1=q  form a 
periodic sequence of nonzero numbers with period )1( −p , and these 
numbers form some permutation of numbers }1,,2,1{ −pL . For 2=p  
we get 0=qα for all L,3,2,1=q   
 
Theorem 11.1: The number of Mersenne primes x≤  are approximately 
equal to )(xΜ = ∏
≤ −−


xp jj p
x )
)1(
11(
)2log(
)log(
. 
 
Proof: A number of type xM q ≤  is Mersenne prime if and only if 
)mod(2 ii
q pβ≡  and 1≠iβ for all primes xpi ≤<2 . For a fixed 
2>jp  the remainder jβ  can take one of the values { 1,,1 −jpL }. 
Therefore, for an xq ≤2  chosen at random, the probability that 1≠jβ  
will be 



−
−
1
2
j
j
p
p
. Clearly, for an xq ≤2  chosen at random, the 
probability that 1≠iβ  for all ki L,2,1= such that 2 )1(2 +<≤ kk pxp  
and kppp ,,, 21 L  are all primes x≤  will be 
∏∏
== 



−−=



−
− k
i i
k
i i
i
pp
p
11 )1(
11
1
2
. Now, the numbers of type xq ≤2  
equal to u  where u = max {q } such that xu ≤2 . It is easy to check that  


=
)2log(
)log(xu . Therefore, the number of Mersenne primes less than or 
equal to x  will be  
 
∏ ∏
= ≤
Μ=



−−

=



−−

 k
i xp ii i
x
p
x
p
x
1
)(
)1(
11
)2log(
)log(
)1(
11
)2log(
)log(
.     
 
It is clear to see that ∞→Μ )(x  as ∞→x . Thus, Mersenne primes are 
infinite! 
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Remark 11.1: One can develop a combinatorial formula to count the 
Mersenne primes less than or equal to x  as is done for counting primes 
less than or equal to x  in lemma 2.1.  
 
Theorem 11.2: Let S = { kppp ,,, 21 L } be set of first k primes and  
2
)1(
2
+<≤ kk pxp , then the number of Mersenne primes less than or 
equal to x  can be given by the following formula 
∑ ∑ ∑
= < <<
+


−


+

−=Μ k
i
k
ji
k
lji ljijii ppp
u
pp
u
p
uux
2 )1()1()1()1()1()1(
)( L
 
              

−+
)1()1()1(
)1(
21 k
k
ppp
u
LL  + )1( −kλ  
where [q] represents the integral part of q,  

=
)2log(
)log(xu  and 



)1(jp
u
 
represents the numbers of type xq ≤2  such that )mod(12 jq p≡  and 
where kλ  stands for the Mersenne primes x≤ . 
Proof: Follows using inclusion-exclusion principle.       
 
                              We now proceed with the discussion of the other 
number called the Fermat numbers. This time, consider the numbers of 
the form L,3,2,1,12 =+= qF qq . These numbers are called Fermat 
numbers when the choice of q  is restricted to the numbers of the form 
0,2 ≥nn , [5]. The following is the main conjecture related to Fermat 
numbers:  
There are infinitely many prime Fermat numbers. This result has a 
special significance because of the crowning achievement of Gauss: If a 
regular polygon may be constructed using ruler and compass having 
)3(≥n sides then lk pppn L212= , where 0, ≥lk , and 
lppp ,,, 21 L  are distinct odd Fermat primes, (see page 74, [5]). 
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Theorem 11.3: The number of Fermat primes x≤  are approximately 
equal to )(xF = ∏
≤ −−


xp jj p
x )
)1(
11(
)2log(
)log(
. 
 
Proof: A number of type xFq ≤  is Fermat prime if and only if 
)mod(2 ii
q pβ≡  and )1( −≠ ii pβ for all primes xpi ≤<2 . For a 
fixed 2>jp  the remainder jβ  can take one of the values 
{ 1,,1 −jpL }. Therefore, for an xq ≤2  chosen at random, the 
probability that )1( −≠ jj pβ  will be 



−
−
1
2
j
j
p
p
. Clearly, for an 
xq ≤2  chosen at random, the probability that )1( −≠ ii pβ  for all 
ki L,2,1= such that 2 )1(2 +<≤ kk pxp  and kppp ,,, 21 L  are all 
primes x≤  will be ∏∏
== 



−−=



−
− k
i i
k
i i
i
pp
p
11 )1(
11
1
2
. Now, the numbers 
of type xq ≤2  equal to u  where u = max {q } such that xu ≤2 . It is 
easy to check that  


=
)2log(
)log(xu . Therefore, the number of Fermat primes less than or 
equal to x  will be  
 
∏ ∏
= ≤
=



−−

=



−−

 k
i xp ii i
xF
p
x
p
x
1
)(
)1(
11
)2log(
)log(
)1(
11
)2log(
)log(
.     
 
It is clear to see that ∞→)(xF  as ∞→x . Thus, Fermat primes are 
infinite! 
 
Remark 11.2: One can develop a combinatorial formula to count the 
Fermat primes less than or equal to x  as is done for counting primes less 
than or equal to x  in lemma 2.1.  
 
Theorem 11.4: Let S = { kppp ,,, 21 L } be set of first k primes and  
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2
)1(
2
+<≤ kk pxp , then the number of Fermat primes less than or equal to 
x  can be given by the following formula 
∑ ∑ ∑
= < <<
+


−


+

−=Μ k
i
k
ji
k
lji ljijii ppp
u
pp
u
p
uux
2 )()()()()()(
)( Lχχχχχχ
 
              

−+
)()()(
)1(
21 χχχ k
k
ppp
u
LL  + )1( −kλ  
where [q] represents the integral part of q, ,  

=
)2log(
)log(xu  and 




)(χjp
u
 represents the numbers of type xq ≤2  such that 
)mod()(2 j
q pχ≡  and )1( −= jpχ . Note that kλ  stands for the 
Fermat primes x≤ . 
 
Proof: Follows using inclusion-exclusion principle.       
 
Remark 11.3: The important observation stated above about the 
periodicity of the remainders  qα , L,3,2,1=q   while one considers the 
congruence relations  )mod(2 pq
q α≡  for all L,3,2,1=q  hold good 
even for  the congruence relations )mod()( pak q
q α≡×  for all 
L,3,2,1=q , where ak, are arbitrary positive integers. So, one can 
easily generalize the above theorems about Mersenne and Fermat 
numbers to the numbers of the form rak q ±× , where r  is some known 
fixed constant, e.g. r = 1, 3, 5, …etc.  
 
Remark 11.4: One more important conjecture related to Mersenne 
numbers is as follows: There are infinitely many composite Mersenne 
numbers. The settlement of this conjecture requires infinitude of a 
special kind of Sophie Germain primes q  of the form q  = 12 −× nk (so, 
2q +1 is also prime). The existence of such a pair yields a composite 
Mersenne number 12 −= qqM  by the classical result stated by Euler 
and proved by Lagrange and again by Lucas, (see page 76 very admirable 
 47
book, [5]). As stated in the above remark 11.3 one can achieve the desired 
infinitude of these special kind of Sophie Germain primes by proceeding 
on the similar lines as is done for theorems 11.1, 11.2.   
 
Other Twin Primes: Prime numbers are infinite since the time when 
Euclid gave his one of the most beautiful proof of this fact! Prime number 
theorem (PNT) reestablishes this fact and further it also gives estimate 
about the count of primes less than or equal to x. PNT states that as x 
tends to infinity the count of primes up to x tends to x divided by the 
natural logarithm of x. Twin primes are those primes p for which p+2 is 
also a prime number. The well known twin prime conjecture (TPC) states 
that twin primes are (also) infinite. Related to twin primes further 
conjectures that can be made by extending the thought along the line of 
TPC, are as follows: Prime numbers p for which p+2n is also prime are 
(also) infinite for all n, where n = 1(TPC), 2, 3, …, k, ….  Now, we 
provide a simple argument in support of all twin prime conjectures. 
 
The celebrated prime number theorem (PNT) gives exact estimate for 
cardinality of primes up to x. If )(xπ  denotes the number of primes less 
than or equal to x then  
 
)ln(
)(
x
xx =π   as ∞→x . 
 
 Let us denote by LL ,,,2,1),(2 knxn =π  the number of primes, p, 
less than or equal to x for which p+2n is also a prime number. )(2 xnπ  
may be appropriately called as twin primes of n-type. Clearly, twin 
primes of 1-type are usual twin prime numbers.  
        
All kinds of Twin Primes are Infinite: According to prime number 
theorem (PNT) when x is tending to infinity the cardinality of primes up 
to x, )(xπ , is given by )ln()( x
xx =π .                                                                    
Let us consider all possible distinct prime pairs made out of all prime 
numbers up to x. So, let { }kppp ,,, 21 L  be the primes up to x.                
Then initially we will form following types of pairs of primes { }),(,),,(),,( 2211 kk pppppp L . The count of these pairs will be 
obviously equal to )(xπ . We then will form the pairs of primes 
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{ }),(,),,(),,( 13221 kk pppppp −L , then in continuity we will form the 
pairs of primes { }),(,),,(),,( 24231 kk pppppp −L ,….., finally we form { }),( 1 kpp . Obviously, if we will consider the count of all these pairs of 
distinct prime together then it will be clearly equal to 

 )(
2
xπ
. Thus, the 
total count of all prime pairs will be will be  
]))(()([
2
1))(1)((
2
1)( 2
)(
2
xxxxx
x πππππ π +=+=

+  ….(A)                            
  
     It is very interesting to observe that actually the count of these pairs is 
also equal to  
 
LL ++++ )()()()( 242 xxxx nππππ              …..(B) 
   thus, equating these two counts, (A) and (B), and dividing by both sides 
by )(xπ we    
   have 
                  
]
)(
)(
1[)](1[
2
1 1
2
x
x
x n
n
π
π
π
∑∞
=+=+
            ….(C) 
 
     as ∞→x .  
 
Example: Let us consider primes up to first 50 integers. 
 
Primes: {3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47}. 
 
Therefore, 14)50( =π . 
 
So, 105)]50(1)][50([2
1 =+ππ . 
 
Also, . 
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 [ ] 105)50()50()50()50()50( 44642 =+++++ πππππ L
. 
 
 
As it is equal to: 
 
 
105
11223324346
2464576596614 =


++++++++++
++++++++++++
. 
 
 
It is clear to see that the LHS of above equation (C) goes to infinity 
∞→x , since as per PNT  )ln()( x
xx =π  which clearly goes to infinity 
as ∞→x . On RHS of equation (C) we have collection of terms made 
up of densities of twin primes of various types, 
LL ,,,2,1),(2 knxn =π  divided by density of primes, )(xπ . So, if 
the count of each term on RHS of equation (C), 
LL ,,,2,1),(2 knxn =π , is finite and converges to some finite 
value as ∞→x  then RHS of equation (C) will be made up of terms 
which are all equal to zero (except the first term which is equal to 1). 
Therefore RHS of equation (C) can’t diverge to infinity. Actually, RHS 
of equation (C) should diverge to infinity to avoid contradiction since 
LHS of equation (C) contains )(xπ  and so is diverging to infinity 
when ∞→x . Now on RHS of equation (C) since we have a divergent 
quantity, namely, the density of total primes, )(xπ , present in the 
denominator as mentioned above, therefore, each 
LL ,,,2,1),(2 knxn =π  must be diverging to infinity, or some 
infinitely many of  LL ,,,2,1),(2 knxn =π  , for some infinitely 
many n, must be diverging to infinity. But since count of primes counted 
in the each of the twin prime densities LL ,,,2,1),(2 knxn =π  is 
actually a subset of )(xπ  therefore each, or, at least some infinitely 
many of LL ,,,2,1),(2 knxn =π  , though should diverge to 
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infinity still must be diverging slowly than )(xπ and therefore as 
∞→x  each ratio LL ,,,2,1,)(
)(2 kn
x
xn =π
π
 must be converging to a 
(nonzero) positive number, nλ , such that series ∑∞=+ 11 n nλ should form 
a divergent series as required for maintaining consistency with the 
divergent LHS of equation (C)! Thus, at least some infinitely many of 
LL ,,,2,1),(2 knxn =π  , though slowly than )(xπ  must be 
diverging to infinity as ∞→x !! 
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